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ABSTRACT

Soft robots possess a nearly infinite number of kinematic degrees of freedom due
to the compliance of their underlying materials which enables them to accomplish
incredible feats of movement and adaptation. However, their severely underactuated
structures limit their controllability and the degree of precision that can be achieved. As
demonstrated by the octopus when fetching prey, it is possible to achieve precise
movement in an otherwise “soft” arm by stiffening select sections of the arm while keeping
other sections flexible, in effect generating a quasi-articulated structure and reducing the
degrees of freedom from practically infinite to a finite number of angles.
In this study, we use the bistable generalized Kresling origami to emulate this
strategy. Both experimental and computational modeling procedures are conducted to
evaluate the bending mechanics of the structure at each of its two stable states (extended
and contracted). As the model accurately predicts the major trends observed in
experiments, it is used to perform a parametric study on the bending stiffness ratio, defined
as the ratio of bending stiffness at the extended state to the bending stiffness at the
contracted state. Using the results of the parametric study, we discover that the Kresling
design which maximizes the bending stiffness ratio is that possessing the greatest angle
ratio λ, the lowest contracted height Lc, and the largest number of sides of the base polygon
n, enabling the transformation of the structure from rigid to flexible.
To complete the study, we use the optimal Kresling design in the fabrication of a
tendon-driven reconfigurable manipulator composed of three Kresling modules. We find
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that by reconfiguring the Kresling module states (rigid or flexible), the manipulator can
effectively transform into 2m different configurations where m corresponds to the number
of modules. Through this reconfiguration, the manipulator can generate a quasi-articulated
structure which reduces its effective degrees of freedom and enables linkage-like motion.
Unlike other methods of stiffness modulation, this solution reduces system
complexity by using a bistable structure as both the body of the robot and as a mechanism
of stiffness-switching. The structure’s primary reliance on geometry for its properties
makes it a scalable solution, which is appealing for minimally invasive surgical
applications where both precision and adaptability are vital. The manipulator may also be
used as an inspection or exploration robot to access areas that may be inaccessible to
humans or rigid robots.
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CHAPTER ONE
INTRODUCTION
1.1 Soft Robots
Most modern-day robots are composed of discrete linkages constructed from rigid
materials. This composition leads to predictable dynamics, enabling rapid and precise
movement favorable to repetitive manufacturing processes. However, the rigidity of these
hard-bodied robots poses severe safety risks in human-robot interactions and restricts
adaptation to uncertain or changing environments.
On the other hand, soft robots are a relatively new class of robots whose structures are
composed of intrinsically soft materials such as rubbers or plastics. This “softness” offers
many of the advantages found in soft-bodied biological organisms that have evolved soft
tissues and flexible bones. They possess an incredibly large number of degrees of freedom
(DOF), endowing them with unparalleled adaptation in shape or configuration. The
compliance of their bodies leads to highly elastic deformation upon contact, allowing them
to conform to objects, maneuver through confined spaces, and absorb energy [1].
The capabilities of soft robots make them ideal in situations involving fragility such as
handling delicate objects or working alongside humans. This lends itself naturally to use
in medical or surgical devices in which human contact is unavoidable [2]. In addition, the
use of flexible materials vastly expands the design space, enabling the programming of
diverse behavior into the robotic structure such as modes of locomotion and manipulation
[3], [4].
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1.2 Problem Statement
Soft robots have been engineered to accomplish incredible feats of manipulation
through bending and elongation, but they struggle in precisely controlling arm
configuration and motion [5], [6], [7]. The problem of precision in soft robots is caused by
their nearly infinite DOF and a limited number of actuators, resulting in a severely
underactuated structure. Their nonlinear elastic properties are inextricably tied to highly
nonlinear kinematics, making inverse kinematics challenging and overall shape difficult to
predict. This makes control tasks such as path planning inaccurate and/or computationally
expensive [8].
One approach to achieving precise control of soft robotic manipulators is to decrease
their effective DOF. In fact, the octopus implements this strategy as it generates a quasiarticulated structure on its arm, similar to that of a human, in order to achieve precise pointto-point movement when fetching food [9]. It changes the configuration of its arm by
stiffening certain sections of muscle and leaving other sections flexible. The wellcoordinated motions of the octopus suggest that the kinematically-constrained structure of
the octopus arm allows for drastically simplified control. The transformation of the arm
from an infinite DOF hyper-redundant structure to a finite DOF quasi-articulated structure
allows the use of intrinsic coordinates, granting it the necessary accuracy to carry out
successful fetching movements.

2

Figure 1.1. Octopus Inspiration (a.) The octopus forms a quasi-articulated structure
when fetching prey. (b.) The advantages of having reduced degrees of freedom. 1.1 (a)Adapted with permission from [9].

1.3 Objective Statement
To mimic the octopus’s ability to generate pseudo-joints at locations along the length
of its arm, a method of stiffness modulation is required. This problem of stiffening is an
active area in the field of soft robotics, and many methods of achievement have been
devised. Researchers have accomplished stiffness modulation in robots through various
methods such as jamming-based systems [10], [11], low melting point materials [12], and
shape memory materials [13]. However, these methods are limited by their complexity,
scalability, and the need for a continuous energy supply to maintain the change in stiffness
[14].

3

Figure 1.2. Serially connected Kresling cells behave as a quasi-articulated structure (a)
The contracted state (0) exhibits a low bending stiffness, acting as a joint. (b) The
extended state (1) exhibits high bending stiffness, acting as a link. (c) Various
configurations can be achieved by choosing different combinations of state (1) and state
(0) cells.
In order to achieve localized stiffness modulation in soft robots whose construction is
both simple and scalable, we seek to analyze and exploit the mechanics of the bistable
cylindrical origami structure known as the Kresling. The Kresling structure exhibits a
substantial difference in bending stiffness between each of its two stable states due to
differences in geometric orientation, enabling a method of binary stiffness-switching. This
mechanism may be utilized to create a skeleton of serially connected modules functioning
as a reconfigurable quasi-articulated structure similar to that of the octopus, such that the
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extended state (1) modules behave as rigid links and contracted state (0) modules behave
as flexible joints.
The Kresling structure possesses many of the advantages typically found in origami
structures, namely its lightweight construction, collapsibility, and scalability due to its
reliance on geometry for its mechanical properties. In addition, the ability to switch its
bending stiffness through bistability embedded in the structure eliminates the need for a
constant energy supply to maintain a stiffness change. It also eliminates the need for
additional components typically required by other stiffness modulation solutions which add
weight and complexity.
The primary objective of this study is to analyze the effects of Kresling geometric
design parameters on bending stiffness properties for the design and application of a
stiffness-switching joint. This objective is divided into key questions which will be
answered in the remaining chapters of the document as follows:
Chapter 2: What parameters govern the Kresling geometry and how can we manufacture
the structure?
Chapter 3: How can we model the bending mechanics of the Kresling structure, and what
design parameters lead to the greatest difference in bending stiffness between the extended
state (1) and contracted state (0)?
Chapter 4: Can we fabricate a functional manipulator with the optimal Kresling design,
and produce predictable linkage-like behavior?
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CHAPTER TWO
GENERALIZED KRESLING DESIGN
2.1 Kresling Origami
Origami is the Japanese art of paper folding, but its applications extend far beyond
art. Recently, origami has been used extensively in engineering applications due to its
unique scalability, its capacity to allow large shape transformations, and its ability to impart
nonlinear mechanical properties into folded materials. These features, along with the ability
to fabricate a complex robotic system from a simple flat sheet, make the use of origami in
robotics particularly advantageous.
Researchers have utilized origami in the fabrication of pneumatic actuators that can
achieve pre-programmed motions such as bending, extension/contraction, and twisting
with a high strength-to-weight ratio [15], [16]. A stiffness-tuned origami bellows with a
high-power density enabled a robot to carry out the dexterous task of juggling [17].
Origami structures have also been successfully incorporated into continuum manipulators
to allow kinematic degrees of freedom in bending, extension, and contraction [18], [19],
[20].
In this study, our focus is on harnessing the unique properties of Kresling origami
to extend stiffness-switching capabilities to soft manipulators. Kresling origami is a natural
product of twisting a paper cylinder until it buckles [21]. This buckling instability leads to
the property of bistability (stable in two distinct states), enabling the structure to behave as
a mechanical switch. The pattern, a series of identical triangular facets wrapped into a
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cylinder, has been widely studied and used in applications such as deployable structures
and robotics [22], [23], [24], [25]. When folded into a structure, it is able to transition
between stable states by extending or contracting through a coupled longitudinal and
rotational motion to two stable positions, which we will refer to as the extended state (1)
and contracted state (0).
The traditional Kresling pattern has a default contracted height Lc = 0 and is
governed by three geometric parameters n, R, and λ, corresponding to the number of sides
of the base polygon, the circumradius of the base polygon, and the angle ratio, respectively.
The angle ratio is defined as the ratio of the triangular facet angle (the angle between
#### and 𝐵𝐴
#### in Figure 2.1) divided by half the internal angle of the base polygon
segments 𝐵𝐶
(𝛾). This ratio serves as a metric for the degree of transformation during folding and is
bounded by 0.5 ≤ λ ≤ 1.0 [25]. A ratio of 0.5 corresponds to indistinguishable extended and
contracted states with Lc = Le =0, where Le refers to the extended state (1) height. At the
other extreme, a ratio of 1.0 represents a case where edge ####
𝐴𝐵 and edge ####
𝐴𝐶 are
perpendicular to each other resulting in Lc = 0 and Le = M = Vsin(λ 𝛾), where M is the
length of the mountain crease and V is the length of the valley crease.
The equations for the length of the base polygon side P and half of the internal
angle of the polygon 𝛾 come from basic geometry and are shown in eqns. (1) and (2).
𝜋
𝑛

(1)

𝜋(𝑛 − 2)
2𝑛

(2)

𝑃 = 2𝑅 sin

𝛾=
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The lengths of the valley crease V and mountain crease M are given in eqns. (3) and
(4).
𝑉 = 2𝑅 cos(𝛾(1 − 𝜆))

(3)

𝑀 = 9𝑉 ! + 𝑃! − 2𝑉𝑃 cos(𝜆𝛾)

(4)

The traditional Kresling crease pattern has one major drawback. That is, the contracted
height of the folded Kresling cell (Lc) is equal to zero. This is not possible to achieve in
practice as thin foldable materials will have some associated thickness. The zero contracted
height also constrains the kinematics of the structure, making it impossible for the structure
to achieve bending. Due to these limitations in the contracted state, the generalized
Kresling crease pattern is used in this study.
The generalized Kresling pattern modifies the traditional Kresling pattern to
include a non-zero contracted length (Lc) which acts as an additional design variable [26].
The addition of this variable alters the geometry according to the following equations:
𝜃" = cos #$ <

𝑃! + 𝑉"! − 𝑀"!
=
2𝑃𝑉"

(5)

𝑉" = 9𝑉 ! + 𝐿!%

(6)

𝑀" = 9𝑀! + 𝐿!%

(7)
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Figure 2.1. Kresling Geometry (a.) The geometry of traditional Kresling (b.) The
geometry of generalized Kresling
where variables with the subscript g refer to “generalized” Kresling design and variables
with no subscript refer to the “traditional” Kresling design. Chirality is another design
element for both traditional and generalized Kresling. Chirality determines the direction of
the helical motion of the Kresling (clockwise or counterclockwise) during the transition
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between stable states. The chirality of the Kresling can be changed by taking the mirror
image of the pattern.
By considering the Kresling as a pin-jointed truss where the valley crease lengths
do not change and mountain creases are free to deform, the longitudinal folding kinematics
from the contracted to the extended position can be described by using three variables: the
rotation angle between the top and bottom base polygons during folding 𝛼, the length of
the Kresling cell L, and the length of the truss element on the mountain crease m which
must change to allow the transition between stable states. The kinematics are used to
calculate the geometry at the extended stable state according to the following equations
with 𝜙 = 𝜋/𝑛:
𝐿(𝛼) = 9𝐿!% + 2𝑅! (cos(𝛼 + 2𝜙) − cos(𝛼& + 2𝜙))

(8)

𝑚(𝛼) = 92𝑅! (1 − cos(𝛼)) + 𝐿!

(9)

The rotation angle between the bottom and top base polygons at the contracted state is
described by 𝛼0 = 2𝜆𝛾, and Le and 𝛼 can be solved by setting the mountain crease length
to its undeformed length (m = Mg) and by using eqns. (8) and (9).
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2.2 Kresling Fabrication
To fabricate a Kresling cell, its geometry was first dimensioned in SolidWorks
based on selected design variables (R, n, Lc, λ) using eqns. (1-7), and then converted into
an engineering drawing. This engineering drawing file was subsequently converted into an
Adobe Illustrator file, as shown in Figure 2.2. Cells were created using three primary
sections: the Kresling pattern, an attachment base polygon, and triangular reinforcement
panels. The Kresling cells were designed with cuts along the mountain creases, using the
same strategy as [27] and [24], in order to alleviate stresses that would otherwise lead to
the material tearing. In addition, triangular reinforcement panels were applied to increase

Figure 2.2. The Adobe Illustrator file used to cut the generalized Kresling pattern.
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the stiffness of the outer triangular facets, thereby reducing panel bending and increasing
the strength of bistability.

Figure 2.3. The Graphtec FCEX4000-50ES Cutting Plotter.
A single Kresling cell was fabricated by using a sheet of Daler-Rowney Canford
150 gsm paper which was fixed to the Graphtec FCX4000-50ES cutting plotter surface
with tape. From the Adobe Illustrator software, a cutting routine was generated and
uploaded to the cutting plotter. After the cut-out patterns were removed from the machine,
the reinforcement panels were attached to the inner side of the triangular facets of the
Kresling using double-sided tape. The creases were then manually folded along the
perforated cut lines. To complete the construction of a Kresling cell, the triangular tabs of
the Kresling were individually aligned with and glued to the attachment polygon to close
the cell.
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Figure 2.4. The Kresling Cell Fabrication Process. (a) Cutting the Kresling pattern with
crease lines, reinforcements, and polygon base. (b) Perforated crease lines for accurate
and easier folding. (c) Attaching the reinforcement panels. (d) Manual folding along
crease lines.

Figure 2.5. The Fabricated Generalized Kresling Cell (a) The extended state (1). (b)
The contracted state (0).
To summarize this chapter, we have described the geometry of the generalized
Kresling which is governed by 4 independent parameters: the number of sides of the base

13

polygon n, the angle ratio 𝜆, the contracted height Lc, and the circumradius R. We have
also shown the complete fabrication process required to produce a single generalized
Kresling cell, which is modified to include cuts along the mountain creases and
reinforcement panels on the inner sides of the triangular facets to improve cell
performance. In the next chapter, we analyze the bending mechanics of the structure.

14

CHAPTER 3
BENDING STIFFNESS ANALYSIS
3.1 Nonlinear Bar-and-Hinge Model
Popular approaches to modeling the mechanics of origami include rigid-facet, finite
element, and bar-and-hinge methods [28]. The rigid-facet approach couples rigid origami
kinematics with torsional springs (placed along crease lines) to simulate folding dynamics.
Although, the least computationally expensive, this approach was immediately ruled out
for use in modeling the Kresling structure as it is non-rigid foldable, meaning facets must
deform during the action of folding. On the other hand, the finite element approach allows
for facet deformation by modeling the structure as a mesh of three-dimensional elements.
This method provides the highest level of detail into the mechanics of origami, but it is
grossly computationally expensive.
The bar-and-hinge model is a reduced-order model representing origami as a truss
structure made up of bar elements and torsional spring elements. Bar elements, connected
by pin joints, are positioned along creases and across facets. These elements, capable of
compression or extension, characterize in-plane facet stretching or shrinking. Torsional
spring elements are placed along the bars to represent out-of-plane crease folding and facet
bending. This model accurately predicts the global mechanical behavior of non-rigid
origami assemblages without the computational cost associated with the finite element
approach. Therefore, this method was chosen to capture the mechanics of the generalized
Kresling origami structure.
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Initially, a linear elastic bar-and-hinge model was developed in Matlab, following
the work of Schenk and Guest [29]. Although this approach provided valuable insights into
the mechanics of the Kresling structure, it was severely limiting as the model was
developed for infinitesimal deformations, and origami naturally undergoes large geometric
transformations through folding. For this reason, we transitioned to the nonlinear bar-andhinge simulation framework MERLIN2 written in Matlab and developed by Liu and
Paulino [30], [31]. To clarify, the equations in the remainder of this section are taken from
[30] and [31] and serve to provide background information to the reader. A more detailed
description of the model can be found in the source material.
In this framework, the internal energy of the bar element is defined as:
𝑈' = 𝐴𝐿( 𝑊(𝜀) )

(10)

where A is the cross-sectional area of the bar, Lb is the length of the bar, and W is the energy
density which is a function of the one-dimensional Green-Lagrange Strain 𝜀) :
1
𝜀) = 𝑩$ 𝒖 + 𝒖* 𝑩! 𝒖
2

(11)

where the nodal displacement u = [u1, v1, w1, u2, v2, w2]T, and B1 is the vector:
𝑩$ =

1
[−𝒆 𝒆]
𝐿(

(12)

where e = [ 1, 0, 0], and B2 is the matrix:
𝑩! =

1
𝐿(

!

𝑰
K +)+
−𝑰+)+
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−𝑰+)+
M
𝑰+)+

(13)

After taking the gradient of eqn. (10) and linearizing, the resulting bar tangent stiffness
matrix is:
𝑲(,- = 𝐸𝐴𝐿( (𝑩$* + 𝑩! 𝒖)(𝑩$* + 𝑩! 𝒖)* + 𝑆. 𝐴𝐿( 𝑩!

(14)

where EA represents the axial rigidity of the bar element and SX is the one-dimensional
component of the second Piola-Kirchhoff stress tensor.
For each torsional spring element, representing resistance to crease folding or facet
bending, the amount of rotation is measured by the dihedral angle (denoted by 𝜑) between
two facets sharing an edge. In this framework, the torsional spring element is composed of
four nodes which define two triangles. The torsional spring matrix is calculated by using
the following equation:
𝑲/0- = 𝑘

𝑑𝜑 𝑑𝜑
𝑑! 𝜑
⨂
+𝑀 !
𝑑𝒙 𝑑𝒙
𝑑𝒙

(15)

where the symbol ⨂ represents the tensor product, M is the resistance moment, and k
represents the tangent torsional stiffness which is defined:
𝑘=

𝑑𝑀
= 𝑘1 𝐿/
𝑑𝜑

(16)

where 𝑘1 is the torsional stiffness per unit length along the rotation axis, and Ls is the length
of the fold (crease or bend) on which the torsional spring lies.
The axial rigidity (EA) of bar elements and torsional spring stiffness per unit length
(kf) for creases and facets are independent parameters that must be determined to establish
the model. Because the physical Kresling model is not strictly origami (contains cuts), we
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separated the axial rigidity into two categories: material rigidity EAm (along bar elements
coinciding with the presence of sheet material) and cut rigidity EAc (along bar elements
coinciding with cuts). Similarly, we adopted three different kf values: crease torsional
stiffness 𝑘12 (along creases), cut torsional stiffness 𝑘1% (along cuts), and bending
torsional stiffness 𝑘1( (along polygonal facets).

Figure 3.1. Nonlinear Bar-and-hinge Model (a) Bar element. (b) Torsional spring
element. (c) The Kresling truss structure with labeled stiffnesses
The crease torsional stiffness 𝑘12 was determined directly through experimentation
(Section 3.2) while other parameters were tuned to best match the results of bending
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experiments (Section 3.3). The bending torsional stiffness of the polygonal facets was
assumed to be an order of magnitude stiffer than the crease torsional stiffness (𝑘1( =
10𝑘12 ). However, no torsional stiffness was assigned to the cuts (𝑘1% = 0) as there is no
material to provide resistance.
The rigidity of all bar elements with the exception of those lying along cuts was
assumed to be five orders of magnitude higher than the crease torsional stiffness
(𝐸𝐴2 = 103 𝑘12 ), which is observed to be in a valid range for uniform thickness thin
polymer and paper sheets [32]. In contrast, the absence of material along the cuts allows
the structure to deform much more easily at cut locations. Therefore, the rigidity of bar
elements along cuts was assumed to be two orders of magnitude lower than the rigidity of
the bar elements which lie along material (𝐸𝐴% = 10+ 𝑘12 ).
3.2 Crease Stiffness Experiment
The crease torsional stiffness value 𝑘12 for the nonlinear bar-and-hinge model was
determined experimentally. Using the same material from the Kresling cell fabrication
discussed in Section 2.2, paper samples consisting of two 15.24 cm by 4.45 cm rectangular
facets connected by a perforated crease were fabricated on a FCEX4000-50ES cutting
plotter for testing. The upward-facing facet of each sample was reinforced with a thin sheet
of plastic in order to negate facet bending, and the bottom facet was secured to the base
plate of the ADMET eXpert 5601 universal testing machine with double-sided tape. A
wedge-shaped attachment probe was designed and 3D-printed using polylactic acid (PLA)
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filament with an Ultimaker S5 3D printer in order to distribute forces evenly across the
facet.
The samples were placed under a slight compressive load from the testing machine
before carrying out the test to ensure contact between the machine and sample. The length
from the vertex of the crease to the location of the applied force (𝐿4 ) was then measured
and recorded. The samples were compressed downward at a rate of 0.1 mm/s to a total
displacement of 5 mm in the vertical direction, and the corresponding force and
displacement values were recorded by the testing machine (equipped with a 25 lbf force
transducer). In addition, a video was taken to record the angle change of the sample during
the course of the test. 5 individual samples were tested 3 times each.
The first and last frames from the videos were taken to measure the starting and
ending angles, respectively. Using Matlab, points on the vertex, bottom edge, and top edge
were manually selected and their respective x and y coordinates were retrieved. Using the
point coordinates, the distances between the points were calculated. The angle between the
panel (𝛽) was calculated using the cosine rule shown in eqn. (17).
𝛽 = cos #$

𝐿5' ! + 𝐿56 ! − 𝐿'6 !
2𝐿56 𝐿5'

(17)

where 𝐿5' is the distance from the vertex to the point on the upper panel, 𝐿56 is the distance
from the vertex to the point on the lower panel, and 𝐿'6 is the distance between the points
on the upper and lower panels.
Due to the linear relationship in the force-displacement readings, shown in Figure
3.2, a linear regression was fitted to the data. Using this regression, the initial and final

20

forces F were determined. Next, the horizontal distance (d) from the vertex to the load was
calculated using eqn. (18), where 𝐿4 is the initial measured length from the vertex to the
applied force. Hereafter, the subscripts 1 and 2 correspond to initial and final angle
positions, respectively.
𝑑 = 𝐿4 𝑐𝑜𝑠(𝛽$ )

(18)

The linear crease torsional stiffness per unit length was then calculated using eqn. (19)
where W is the length of the crease.
𝑘12 =

(𝐹! − 𝐹$ )𝑑
|𝛽! − 𝛽$ | ∗ 𝑊

(19)

Figure 3.2. Crease torsional stiffness experiment (a) Experimental set-up for measuring
torsional stiffness (b) Linear behavior of one instance of recorded data.
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The average crease torsional stiffness was 0.047 N/rad with a standard deviation of 0.011
N/rad. A table summarizing all of the experimental stiffnesses obtained is displayed in
Table 1.

Table 1. Crease Torsional Stiffness Experimental
Results
Sample
1

2

3

4

5

Run
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

Length
(mm) Stiffness (N/rad)
32.60
0.045
30.33
0.056
30.33
0.056
35.80
0.028
34.75
0.040
34.08
0.049
32.43
0.049
30.64
0.051
30.64
0.063
34.17
0.032
34.37
0.037
34.37
0.038
30.81
0.046
30.81
0.061
29.80
0.055

3.3 Bending Stiffness Experiment
The bending performance of the Kresling origami structure was measured by
determining the structure’s bending stiffness (resistance to bending). The bending
stiffnesses of physical Kresling samples were evaluated to develop an accurate predictive
model for the bending stiffness of the generalized Kresling structure. Two Kresling cells
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of opposite chirality were connected serially into a Kresling module. The opposite chirality
of the module was necessary to compensate for the intrinsic screw-like motion of an
individual cell that would lead to bending coupled with twisting. Another key consideration
when designing the experimental procedure was to determine a testing set-up that could be
approximated in the bar-and-hinge model. Ultimately, a quasi-three-point bending test was
devised to produce replicable conditions in the bar-and-hinge model and minimize damage
to the samples when testing. The quasi-three-point bending test consisted of two pin
supports, one on each end of the structure, and a downward force applied at the central
polygonal facet.
Bending test samples were created by connecting two Kresling modules in the
center with a 3D-printed fixture, providing a connection to the universal testing machine
(downward force), and 3D-printed end caps were attached to the outer ends of each module,
providing the “knuckle” for a hinge connection. Hinge support fixtures were designed in
SolidWorks and 3D-printed using PLA material to provide a connection to the base plate
of the universal testing machine. Dowel pins were secured to the fixtures with 3D-printed
clamps, creating the “pin” of the hinge. Thin sheets of rubber were attached to the clamps
with adhesive to generate additional pressure and friction, preventing rotation of the dowel
pins.
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Figure 3.3. Bending Test Fixtures Assembly with Labeled Components.
The samples were then secured to the universal testing machine and fixed in either
their extended (1) or contracted (0) state. The lengths of the modules were measured and
recorded prior to testing for use in bending stiffness calculations. The machine was zeroed
out, and the sample was displaced 5 mm downward in a displacement-controlled procedure
at a speed of 0.1 mm/s. Force and corresponding displacement values were recorded and
converted into moments and angles according to eqns. (20) and (21) for analysis.
𝑀 = 𝐹𝐿2

𝛿 = tan#$

𝑦
𝐿2

(20)
(21)

where M is the applied moment, F is the downward force, 𝐿2 is the measured module
length, 𝛿 is the angle of deflection, and y is the downward displacement.
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As the data displays a strongly linear relationship, the bending stiffness of the
Kresling samples is defined as the proportional relationship between the applied moment
and angle of deflection as shown in eqn. (22).
𝐾' =

𝑀
𝛿

(22)

Figure 3.4. Bending Test Experimental Set-up (design with n = 8, Lc = 30 mm, λ = 0.8,
R = 30 mm shown). (a) Bending test in the extended state (1) (b) Bending test in the
contracted state (0)
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To obtain this value, a linear regression model was fitted to the experimental data,
and the slope of the fit was taken to be the measure of bending stiffness. This procedure
was repeated three times for each stable state (extended and contracted) of Kresling
structures with distinct geometric design parameters. For certain design parameters, in
particular, those with high angle ratios and low contracted heights, the thickness of the
material caused the contracted height to be slightly higher than the designed value. To
remain consistent with the bending test simulations, the contracted height was positioned
at the designed contracted height.
3.4 Bending Stiffness Evaluation
To computationally evaluate the bending stiffness of the Kresling, a quasi-threepoint bending test simulation was constructed using the nonlinear bar-and-hinge
parameters described in Sections 3.1 and 3.2. A truss structure of two Kresling modules
was generated and loaded into the MERLIN2 software. Nodes forming a line across the
polygonal facets at each end were fixed, resulting in the ends being “pinned” and free to
rotate about parallel axes. The nodes positioned on the shared center polygonal facet where
the two modules connect were displacement-controlled 5 mm downward to mimic the
experimental procedure. The sum of the forces on the center facet and the corresponding
displacement for each step were recorded and used for the calculation of the theoretical
bending stiffness values, according to eqns. (20-22).
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Additionally, a nondimensional performance metric, the bending stiffness (𝐾' )
ratio was calculated as the ratio of the bending stiffness in state (1) to the bending stiffness
of state (0).
𝐾' ratio=

(#)

7!

(23)

(%)

7!

It is desired that this ratio be as large as possible so that the bending stiffness of state (1)
modules will be much greater than the bending stiffness of modules in state (0). This will
result in state (1) modules behaving as rigid “links” and state (0) modules behaving as
flexible “joints.”
For practical purposes, we considered certain ranges of the design variables. For
instance, the angle ratio λ was restricted to the range 0.7 < λ < 0.9. While the Kresling has
theoretically been shown to be bistable in the range 0.5 < λ < 1.0, a higher λ corresponds
to a higher level of bistability, which is desired to prevent unintentional snap-through from
one stable state to the other [27]. However, λ values close to 1.0 create high levels of stress
in the constituent material of the structure, leading to material failure (tearing).
Additionally, the contracted height of a Kresling cell was limited to R/2 < Lc < 2R, where
R was held constant across all designs at R = 30 mm. This range on Lc provides the
necessary degrees of freedom for bending. The number of sides of the base polygon was
confined to even-numbered integers in the range 4 < n < 10 to maintain symmetry and
restrict manufacturing complexity. In addition, a preliminary study (summarized in
Appendix A), using linear infinitesimal bar-and-hinge model bending simulations on
designs of even-numbered sides, showed that differences in the bending stiffness as the
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structure is reoriented around its central axis are negligible. This means that the evaluated
bending stiffnesses are axisymmetric or unchanged when bending over different axes.
Three physical Kresling bending samples were created with design parameters
shown in Table 2. These samples were tested using the procedure outlined in Section 3.3
and in the nonlinear bar-and-hinge model bending simulation. The results of the bending
tests from both the experiment and simulation are shown for the different design parameters
in Figures 3.5, 3.6, and 3.7, and the resulting stiffnesses are shown in Table 3.
Table 2. Design Parameters used for Experimental Bending Samples
Sample
1
2
3

n
8
8
4

Lc (mm)
30
15
30

λ
0.8
0.8
0.7

As mentioned in the previous section, there was a slight difference between the
designed contracted height and the contracted height of cells in the samples, likely due to
the thickness of the material. However, the bending samples were set to designed heights
during testing in order to remain consistent with the conditions of the simulation. This adds
a small amount of residual stress into the samples, which we suspect is the source of an
initial sharp rise in the moment values shown in some of the results. After this initial rise,
the plot returns to a nearly linear trend. For this reason, the linear regression used to
calculate the bending stiffness of each sample in its contracted state was performed on the
data after an offset angle of 0.03 rad.
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Figure 3.5. Bending Test Results for n = 8, Lc = 30 mm, λ = 0.8. The plot shows the
model prediction and the average experimental results out of three trials with ± one
standard deviation for both stable states.
The bending results for sample #1 are shown in Figure 3.5. The experimental
moment values for both states (1) and (0) are higher than those predicted by the model.
This may be attributed to different sources such as energy loss due to friction, imperfections
in manufacturing, or the various assumptions made in the model. If we observe the bending
stiffnesses (slopes), however, they follow very similar trends. These observations are
consistent across samples of different designs, giving us confidence in the model’s ability
to predict bending stiffnesses and bending stiffness ratios. In fact, the bending stiffness
ratios reflected in the experimental results lie within nearly ±1 of the predicted ratios.
The only difference between the designs of sample #1 and sample #2, shown in
Figures 3.5 and 3.6 is a change in the contracted height, which may provide us with some
insight into the effect of this parameter on the bending stiffness ratio. The designs both
have n = 8 and λ = 0.8, but the contracted height of sample #2 (Lc = 15 mm) is half that of

29

Figure 3.6. Bending Test Results for n = 8, Lc = 15 mm, λ = 0.8. The plot shows the
model prediction and the average experimental results out of three trials with ± one
standard deviation for both stable states.
sample #1 (Lc = 30 mm). The experimental bending stiffness of sample #2 is 4.91 compared
with 12.31 in sample #1, which seemingly indicates a significant increase in the bending
stiffness ratio with lower contracted heights.
Sample #3 possesses the lowest value of bending stiffness ratio at 1.96, which can
be observed in Figure 3.7 as the gap between the slopes is notably small. This design has
the same contracted length as sample #1, but the number of sides of the base polygon (n=4)
and the angle ratio (λ = 0.7) are both at the lowest allowable limits.
These experiments alone do not provide enough information to make conclusive
remarks about the effects of parameters on the extended and contracted bending stiffnesses
or the bending stiffness ratio. However, the reduced-order bar-and-hinge model reflects the
overall physical behavior observed in the experiments, allowing a more in-depth study of
the bending mechanics.
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Figure 3.7. Bending Test Results for n = 4, Lc = 30 mm, λ = 0.7. The plot shows the
model prediction and the average experimental results out of three trials with ± one
standard deviation for both stable states.
To study the effects of the design parameters on the bending stiffness of generalized
Kresling modules, we conducted bending test simulations over an evenly-spaced 100x100
grid of parameters Lc ∈ [(R/2) mm, (2R) mm] and λ ∈ [0.7, 0.9] for each n ∈ [4, 10] where
n ∈ 2Z and R = 30 mm. This allowed us to conduct an extensive 10,000 design parametric
study of the bending stiffness ratio for each n across Lc and λ, giving us more insight into
the influence of design parameters on bending performance. We used these results to
determine a combination of parameters that maximizes the bending stiffness ratio, which
is desired for an effective stiffness-switching joint.
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Table 3. Summary of Bending Stiffness Test Results (Experiment vs. Model)
n
Experiment 8
Model
Experiment 8
Model
Experiment 4
Model

Lc (mm)

λ

30

0.8

15

0.8

30

0.7

($)

𝐾' (N·m/rad)
Mean±SD
3.50±0.29
2.79
3.59±0.17
3.08
4.31±0.09
3.59

(&)

𝐾' (N·m/rad)
Mean±SD
0.80±0.07
0.48
0.29±.01
0.27
2.20±0.19
1.61

𝐾' Ratio
4.91
5.83
12.31
11.37
1.96
2.23

Because the simulations showed a predominantly linear trend, we shortened the
displacement angle to be 0.001 rad. This allowed us to explore the space more rapidly while
reaching the same conclusions. We also recorded the dihedral angle Ψ between the
outward-facing triangular facets, which lie around the structure’s perimeter, and the base
polygon. We hypothesize that this angle predominantly influences the bending stiffness of
the structure. The smaller angles in state (0) modules position the facets closer to a
horizontal orientation, transmitting loads into crease folding, which leads to a spring-like
behavior. Alternatively, larger angles in state (1) orient the facets more vertically, placing
more of the load onto the axial component of the facets. Therefore, we conducted an

Figure 3.8. The triangular facet dihedral angle Ψ (design with n = 8, Lc = 30 mm, λ =
0.8, R = 30 mm shown). (a) Extended stable state. (b). Contracted stable state.
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additional parametric study on the triangular facet angle ratio (extended to contracted) to
test this intuition.
In Figure 3.9, we see the parametric study of the bending stiffness KB ratio and the
triangular facet angle Ψ ratio for n = 4. The observed trends of KB and Ψ ratios are strikingly
similar, with a plateau of low KB and Ψ ratios for a wide range of low λ values and high Lc
values, and a sharp increase in these ratios at greater values of λ and lower values of Lc.
We see similar trends for n = 6, n = 8, and n = 10 in Figures 3.10-3.12. Additionally, the
maximum values of each ratio (at each n) increases with n, as seen in Figure 3.13.

Figure 3.9. Parametric study of bending stiffness ratio and triangular facet angle ratio
across combinations of λ and Lc for n = 4. (a) Bending stiffness ratio. (b) Triangular facet
angle ratio.
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Figure 3.10. Parametric study of bending stiffness ratio and triangular facet angle ratio
across combinations of λ and Lc for n = 6. (a) Bending stiffness ratio. (b) Triangular facet
angle ratio.

Figure 3.11. Parametric study of bending stiffness ratio and triangular facet angle ratio
across combinations of λ and Lc for n = 8. (a) Bending stiffness ratio. (b) Triangular facet
angle ratio.
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Figure 3.12. Parametric study of bending stiffness ratio and triangular facet angle ratio
across combinations of λ and Lc for n = 10. (a) Bending stiffness ratio. (b) Triangular
facet angle ratio.
From these results, we can conclude that a design, regardless of the number of sides,
benefits from maximizing the angle ratio λ and minimizing the contracted height Lc. This
means that a design possessing a greater degree of bistability and which is closer to the
traditional Kresling design will have the greatest bending stiffness ratio. Referring to
Figure 3.13, an increase in the number of sides of the base polygon leads to an increase in
bending stiffness ratio as well. However, the ratio does not seem to increase indefinitely
with greater values of n, as it levels off at n = 8 and n = 10.
The study indicates that the best design within our constraints is the design: n = 10,
Lc = 15 mm, and λ = 0.9. To verify that these results hold true for the conditions that were
used during model validation, we conducted bending simulations with a 5 mm
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Figure 3.13. The relationship between the number of sides and the maximum bending
stiffness ratio found for displacements of 0.001 rad.
displacement for each n at Lc = 15 mm and λ = 0.9 which can be seen in Figure 3.14.
Although the stiffness ratios are lower than those found previously in Figure 3.13, we
observe the same overall trend in bending stiffness ratios with increasing n. It is also shown
that increasing n has the overall effect of a reduction in the bending stiffness at both
extended and contracted stable states, so we sacrifice an amount of stiffness in state (1) to
achieve a lower stiffness in state (0).
For further validation, we tested a physical bending sample of the design with the
optimal bending stiffness ratio: n = 10, Lc = 15 mm, and λ = 0.9, and compared the
measured bending stiffnesses with the predicted bending stiffnesses. The results are shown
in Figure 3.15. We see that the model is still fairly accurate in predicting the bending
stiffness values. However, it is evident that there is a sharp increase in moment values in
the experimental results for state (0). We suspect that the material thickness and the
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compression of the structure to its engineered contracted height add some initial resistance
to bending. The predicted bending stiffness ratio of the design is 16.77 compared with the
experimental ratio of 11.79. There is a degree of disagreement in the bending stiffness ratio,
but the experimental results still give the lowest state (0) bending stiffness of the evaluated
designs. Therefore, this design was determined to be the best design with regard to
performance in bending.

Figure 3.14. Characteristics of Bending Stiffness for a 5 mm Displacement. (a)
Extended and contracted moment vs. angle relationship for n = 4, 6, 8, and 10. (b)
Bending stiffness ratios for different values of n.
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Figure 3.15. Bending Test Results for n = 10, Lc = 15 mm, λ = 0.9. The plot shows the
model prediction and the average experimental results out of three trials with ± one
standard deviation for both stable states.
3.5 Bistability Strength Simulation
A high level of bistability is essential for a stiffness-switching joint, as each stable
state must withstand disturbances or other forces that may cause unintentional switching.
In previous studies, it has been shown that a high value of λ leads to a greater strength of
bistability [27]. However, it is unclear how the additional contracted height variable (Lc)
of the generalized Kresling affects the bistability.
To evaluate the level of bistability, we used the same torsional stiffness and bar
rigidity parameters from the model presented in Section 3.1. A Kresling truss structure was
generated in its extended stable state with nodes on its bottom base polygon fixed and
nodes on the top base polygon displacement-controlled downward to the contracted stable
state. The equivalent force was recorded as the sum of the forces on the top nodes, and the
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first local maximum was taken as a measure of bistability. Note, however, that this model
does not reflect reality. The curve shown in Figure 3.16 is not bistable as the force does not
reach a value below zero. However, this particular design (n = 8, Lc = 30 mm, λ = 0.8) was
observed to be bistable in practice. Regardless, this local maximum is presumed to be a
good indicator of bistability.

Figure 3.16. The metric for determining the strength of bistability is the local maximum
force in a compression test of the Kresling starting at its extended stable state.
Similar to the procedure presented in Section 3.4, we evaluated this local maximum
force over an evenly spaced 100x100 grid in the range Lc ∈ [(R/2) mm, (2R) mm] and λ ∈
[0.7, 0.9] for each n. The parametric study of this local maximum force, referred to as the
snap-through force, shows the strength of bistability for different designs. The results can
be seen in Figure 3.17. Interestingly, the trends resemble those of the bending stiffness
ratio and the triangular facet angle ratio. According to these results, the greatest level of
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bistability occurs at the highest angle ratio and lowest contracted height. Hence, the design
that maximizes the bending stiffness ratio will also possess the greatest level of bistability
for its given n parameter.

Figure 3.17. Snap-through (local maximum) force across combinations of λ and Lc for
different number of sides n of the base polygon.
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To summarize this chapter, we developed a reduced-order model to capture the
bending mechanics of Kresling origami using the nonlinear bar-and-hinge model. We
evaluated the crease torsional stiffness parameter through experimentation and adjusted the
remaining model parameters to best match experimental results. The bending simulation
accurately predicts the major trends observed from experimental data. We used the model
to conduct parametric studies on performance measures of generalized Kresling origami
and found that the bending stiffness ratio is maximized for designs with a high angle ratio
and low contracted height. Within our constraints, we determined the best design to be a
generalized Kresling with n = 10, λ = 0.9, and Lc = 15 mm, with R being held constant at
30 mm. In the next chapter, we will use this design as the basis for the body of a robotic
manipulator and use kinematics to evaluate the manipulator’s behavior as a quasiarticulated structure.

41

CHAPTER FOUR
MANIPULATOR DESIGN AND KINEMATICS
4.1 Manipulator Fabrication
Paper samples work well for evaluating how the geometry of the generalized
Kresling pattern affects the bending stiffness of the structure. However, paper is not well
suited for use in a functional manipulator due to its susceptibility to permanent damage by
moisture and plastic deformation. To produce a more durable design, we sought to fabricate
the Kresling structure from a material more resilient to plastic deformation.

Figure 4.1. The Generalized Kresling Cutting Pattern in Adobe Illustrator. The blue
lines show the first cut of the base polygon and creases, while the red lines show the final
cut of the outline.
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We used an approach similar to that presented in [33], where three total layers of
material are combined into a layered laminate sheet: a 0.25 mm thick polyethylene
terephthalate (PET) sheet, F9460PC transfer tape, and a 0.05 mm thick PET sheet. The
0.25 mm sheet serves as the facet material of the Kresling structure while the thinner 0.05
mm sheet serves as a flexible hinge for the creases, with the transfer tape connecting the
layers. The dimensions of the geometry were created in SolidWorks and divided into two
cutting layers in Adobe Illustrator. The first cutting layer was used for cutting out the base
polygon and forming the creases. Rather than using perforations for the creases, we
removed material at crease locations as seen in Figure 4.1 and Figure 4.2. The second
cutting layer was used for cutting the outline of the structure for removal from the multi-

Figure 4.2. The Plastic Kresling Lamination and Cutting Process.
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layered sheet. A gap of 1 mm was created on the valley creases to compensate for folding
toward the thicker layer while a straight cut was used for mountain creases.
Prior to cutting, the 0.25 mm thick PET layer was cleaned of residue and oils from
its surface with a cleaning solution for better adhesion to the transfer tape. The transfer tape
was then carefully rolled out over the surface of the plastic sheet to reduce the occurrence
of air bubbles. After this, the layered sheet was fixed to the cutting surface of the Graphtec
FCEX4000-50ES cutting plotter with tape. The cutting blade was set to the depth of the
material and the first cutting pattern was loaded into the machine for cutting. After the
cutting was finished, the material which was cut out along the valley creases and the base
polygon were extracted from the sheet.
Next, the flexible 0.05 mm thick PET sheet was added to the top of the bilayer
sheet where the transfer tape was exposed. This thin PET sheet functions as a hinge where
material was removed. The final cut was then performed, cutting the outline of the Kresling
for detachment from the layered sheet. The Kresling was then folded along its creases and
held under weight, and it was finally attached to the base polygon to complete the
construction of the Kresling cell. Pictures and instructions detailing the process can be
found in Appendix C. This process was repeated to create a Kresling cell of the opposite
chirality, which was attached to the first cell with adhesive transfer tape to form a Kresling
module, as seen in Figure 4.3.
The module initially possesses bistability as observed in the paper modules, but it
tends to lose complete bistability with repeated snap-through cycles. When compressed to
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Figure 4.3. PET Kresling Module Fabrication. (a) The flat Kresling after the lamination
and cutting process. (b) The Kresling cell is made by folding and attaching the flat
Kresling to the base polygon. (c). Two Kresling cells of opposite chirality are joined to
form a Kresling module.
the contracted state, the flexural hinges force the cells slowly toward the snap-through
instability, resulting in the module transforming to the extended state. This is likely a result
of the edges of the plastic peeling slightly from the adhesive backing and may be solved
with stronger adhesive. However, this force is quite small and does not detract from the
purpose of this study. It may even be beneficial in that tendon actuation can only provide
a pulling force. This passive extension force may enable a greater range of motion in state
(0) modules.
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To assess the impact of the material change on the bending stiffness, we conducted
an additional bending test on a two-module bending sample of the chosen design (n = 10,
Lc = 15 mm, and λ = 0.9), following the procedure outlined in Section 3.3. The results are
shown in Figure 4.4. As expected, the bending stiffnesses in state (0) and state (1) both rise
slightly due to the use of a stronger and thicker material. The average bending stiffness in
state (1) is 3.38 N·m/rad compared with 2.88 N·m/rad in the paper model, and the average
bending stiffness in state (0) is 0.41 N·m/rad compared with 0.25 N·m/rad in the paper
model. This results in an experimental bending stiffness ratio of 8.24, which is less than
the paper model’s ratio of 11.79. Although we sacrifice some performance in the bending
stiffness ratio, the tradeoff for a vastly more durable structure is well worth it.

Figure 4.4. Bending Test Results for n = 10, Lc = 15 mm, λ = 0.9 (plastic construction).
The plot shows the average experimental results out of three trials with ± one standard
deviation for both stable states.
A series of PET Kresling modules can be connected to create a reconfigurable
skeleton with 2m possible configurations, where m represents the number of modules. To
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assess the proposed skeleton’s performance as a quasi-articulated structure, we constructed
a three-module Kresling skeleton to act as the robotic body in a Kresling manipulator
prototype. The Kresling skeleton is remarkably lightweight, weighing 56.3 grams, and it
can be compressed to a length of approximately 33.8 mm. This makes the Kresling
manipulator much easier to store and transport than most other robotic manipulators.

Figure 4.5. Kresling Manipulator Skeleton with Tendon Guides. (a) The Kresling
skeleton in the fully extended configuration (111). (b) The Kresling skeleton in the fully
contracted configuration (000). (c) The tendon guide, with three holes evenly spaced
120° apart.
To create directional bending of the robot, three tendons that are routed through the
structure are pulled or loosened according to the desired direction of bending. Circular
tendon guides were fabricated from 0.25 mm PET sheets on the Graphtec FCEX4000-50ES
cutting plotter with three holes evenly spaced 120° around their centers. These guides were
positioned between Kresling modules rather than cells to compensate for the twisting
motion of an individual cell as it extends and contracts.
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An acrylic plate attached to aluminum framing was used as the base on which the
manipulator was attached and actuated. Three tendons (Power Pro Spectra fiber braided
fishing line) were knotted at the bottom of the manipulator and routed through the tendon
guides and up out of the base plate where they were then wound around 3D printed pulleys.
The pulleys were attached to DC motors which rotate to control the lengths of the tendons.
Motor mounting brackets were 3D printed out of PLA material and used to fix the motors
to the acrylic plate. An Arduino Due with a stacked motor shield was used to control the
angular position of each motor independently by PD control, thereby controlling the
lengths of the tendons. The parts used in the actuation assembly can be seen in Table 4,
and the full assembly can be seen in Figure 4.6.

Table 4. Parts for Actuation Assembly
Part Name
Arduino Due microcontroller
Adafruit Motor Shield v2.3
Power Pro Spectra Fiber Braided Fishing Line (50lb)
Bemonoc 12V DC Metal Gear Motor with Encoder
Pololu Universal Mounting Hub
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Figure 4.6. The complete manipulator assembly. (a) Top view of the manipulator
showing the actuation and control hardware. (b) Side view of the manipulator showing
the body (skeleton) of the manipulator.
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4.2 Kinematics
The skeleton of generalized Kresling modules possesses 2m distinct configurations,
one being an immobile state where each module is in state (1). This provides 2m - 1 possible
task spaces in which to work for the single manipulator. Flexible state (0) modules act as
continuous sections capable of extension, contraction, and bending while state (1) sections
act as rigid links.
Note that the transformations discussed in the remainder of this section follow the
commonly used Denavit-Hartenberg (DH) convention which represents the transformation
of coordinates from one reference frame to another. For example, a transformation from a
frame 0 to another frame 1 is represented in the DH convention in eqn. (24) [34]:
&

𝐴 = K𝑅$
0

𝑜$& M
1

(24)

where R&$ is a 3x3 matrix representing the orientation (rotational) transformation from
frame 0 to frame 1, and o$& is a 3x1 column vector representing the translation of the origin
of frame 0 to frame 1, each with respect to frame 0. Such transformations are used to
describe the configuration of kinematic chains of robotic joints by performing them in
series as follows:
𝐴&: = 𝐴$& 𝐴$! … 𝐴:#$
:

(25)

where the final result is a matrix containing the orientation and position of reference frame
n with respect to frame 0.
To model the kinematics of state (0) modules, we employ the Jones kinematic
model [35], [36]. Note that equations (26)-(29) come directly from [36], and are shown to
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provide a reference to the reader on the constant curvature forward kinematics used in this
study. This model assumes a constant curvature along a continuous backbone, permitting
a mapping from the actuator space (tendon lengths) to the task space (positions). The
configuration space of the continuous section is represented by (s, 𝜅, 𝜙), where s is the arc
length, 𝜅 is the curvature, and 𝜙 is the bending angle with respect to the base of the section.
The homogenous transformation matrix from configuration space (s, 𝜅, 𝜙) to task space (x)
is shown in eqn. (26), where sin(∙) and cos(∙) are abbreviated by s(∙) and c(∙) respectively.
⎡𝑐(𝜙)
⎢
⎢
𝑨𝟎 (𝑠, 𝜅, 𝜙) = ⎢𝑠(𝜙)
⎢
⎢ 0
⎣ 0

−𝑠(𝜙)𝑐(𝑠𝜅)

𝑠(𝜙)𝑠(𝑠𝜅)

𝑐(𝜙)𝑐(𝑠𝜅)

−𝑐(𝜙)𝑠(𝑠𝜅)

𝑠(𝑠𝜅)

𝑐(𝑠𝜅)

0

0

𝑠(𝜙)(1 − 𝑐(𝑠𝜅)
⎤
𝜅
⎥
−𝑐(𝜙)(1 − 𝑐 (𝑠𝜅))⎥
𝜅
⎥
𝑠(𝑠𝜅)
⎥
⎥
𝜅
⎦
1

(26)

Expressions for s, 𝜅, and 𝜙 are shown in eqns. (27), (28), and (29) respectively, and can be
substituted into (26) to obtain a map from actuator space to task space for three-tendon
actuation.
The actuator space is composed of the lengths of the tendons which are represented
by the variables l1, l2, and l3. The variable N is the number of segments in the section and
d is the radial distance from the center of the section to the tendon.
𝑠=

(𝑙$ + 𝑙! + 𝑙+ )𝑁𝑑
9𝑙$! + 𝑙!! + 𝑙+! − 𝑙$ 𝑙! − 𝑙! 𝑙+ − 𝑙$ 𝑙+
9𝑙 ! + 𝑙!! + 𝑙+! − 𝑙$ 𝑙! − 𝑙! 𝑙+ − 𝑙$ 𝑙+
∙ sin#$ t $
v
3𝑁𝑑
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(27)

9𝑙$! + 𝑙!! + 𝑙+! − 𝑙$ 𝑙! − 𝑙! 𝑙+ − 𝑙$ 𝑙+
𝜅=2
𝑑(𝑙$ + 𝑙! + 𝑙+ )

√3 𝑙+ + 𝑙! − 2𝑙$
𝜙 = tan#$ y< =
{
3
𝑙! − 𝑙+

(28)

(29)

For the state (0) Kresling modules, N = 1, d = 32 mm, and the lengths of the tendons
at the resting height is 30 mm. To model the state (1) Kresling modules, we simply use a
transformation matrix for a prismatic joint with a constant length as shown in eqn. (30)
where L (= 111.6 mm) is the length of the extended Kresling module.
1
0
𝑨𝟏 (𝐿) = }
0
0

0
1
0
0

0 0
0 0
~
1 𝐿
0 1

(30)

By applying these transformations from module to module, we can use the forward
kinematics to predict the shape and positional coordinates of the manipulator. This
principle is demonstrated in Figure 4.7.
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Figure 4.7. A visualization of the full kinematic model consisting of the Jones constant
curvature kinematics for flexible state (0) Kresling modules and a simple constant length
prismatic joint for rigid state (1) Kresling modules.

4.3 Pseudo-linkage Evaluation
To evaluate both the kinematic model and the manipulator’s performance as a
quasi-articulated structure, we conducted a series of tests which treat state (0) Kresling
modules as strict revolute joints (pure rotation). For simplicity, we observed the
manipulator’s motion on a vertical 2D plane which intersects tendon #1 and the center
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Figure 4.8. The experimental set-up used to produce revolute joint behavior from a
single state (0) Kresling module.
axis of the manipulator. To achieve a predominately rotational behavior of the joints,
tendon lengths were adjusted according to ∆𝑙! = ∆𝑙+ = −0.5∆𝑙$ , as seen in Figure 4.8. We
chose to evaluate ten distinct inputs for each configuration of the manipulator, ∆𝑙$ = 2𝑓𝑘
(mm) where f is the number of flexible state (0) modules and k=1, 2…10 is the
displacement step number. This assumes that all state (0) modules will have identical
bending behaviors.
Positions were measured by taking pictures with a Canon Rebel T7 DSLR camera
at each displacement step. Prior to use, the camera was calibrated to measure distance and
remove camera distortion effects. This was done by using Matlab’s Camera Calibration
App with its provided checkerboard pattern as seen in Figure 4.9. Once the camera was
calibrated, a photograph was taken of the checkerboard pattern, positioned in the plane of
motion of the manipulator, to provide a reference plane from which manipulator position
measurements were recorded.
Green circular markers were placed at the center endpoints of each Kresling module
to measure their respective horizontal and vertical locations with respect to the uppermost

54

marker which was fixed at the top base of the manipulator. The manipulator was initially
positioned such that it was at its undeformed predicted length, according to its
configuration. Pictures were taken of the structure at its rest state and each successive
displacement step for each configuration.

Figure 4.9. Camera Calibration using the Matlab Camera Calibration Tool.
A Hue Saturation Value (HSV) mask was created in Matlab’s Color Thresholder
App to segment the green colored markers from the rest of the image, resulting in a binary
image of white dots indicating the marker locations as shown in Figure 4.10. Once
segmented, the central locations of the dots were found, and the measurement units were
converted from pixels to mm by using the camera’s calibration world coordinate mapping.
It is important to note that the calibration had a mean error in pixels of almost 2 pixels for
a 6000x4000 resolution image. From the reference checkerboard image, the 23 mm length
size of a single black square corresponded to roughly 230 pixels, resulting in a 10:1 pixel
to mm ratio. This results in a mean error of 0.2 mm, which an acceptable amount of error
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for this analysis. Other sources of error include small errors in the initial undeformed
positions, motor position, and the HSV color mask.

Figure 4.10. Capturing 2D coordinates from images. (a) Segmented colored markers
found with an HSV color mask. (b) The detected positions of the colored markers.
The experimental measurements and forward kinematic predictions of position for
different configurations at each displacement step are compared in Figure 4.13. We see
that the experimental behavior approximately follows the behavior of a serial-linkage
manipulator in mixed configurations of state (1) modules with state (0) modules, and the
behavior of each configuration can be predicted using the Jones kinematics model with a
relatively small error. The manipulator can successfully transform into 2m different
configurations according to the combination of contracted and extended modules with m
being the number of Kresling modules, as shown in Figure 4.12. Depending on the
configuration, its behavior can resemble that of a rigid link, a flexible continuum
manipulator, or combinations of the two. By switching the stiffness in Kresling modules,
we can implement the strategy of the octopus to effectively reduce the degrees of freedom
of a flexible continuum manipulator to a finite number of joint angles, which may allow us
to use well-studied control strategies to coordinate motion tasks.
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Figure 4.11. The range of motion and positions tracked during the experiment. (a) The
captured positions of the (101) configuration. (b) The captured positions of the (100)
configuration.
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Figure 4.12. Each configuration of the manipulator at the maximum displacement.

Figure 4.13. The results comparing model predictions with measured coordinates for
each configuration at each displacement step.
While the forward kinematics used for the open-loop control of the manipulator is
quite accurate, there is still some error to address. In configurations with state (0) joints
closer to the base, there is more visible error in positions 3 and 4 which are located farther
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from the base. This can be more clearly seen in Figure 4.14, which displays the error
calculated as the Euclidean distance between the experimental and predicted positions. We
expect to find this error in the distal positions, as the error from each of the preceding joints
accrues further down the chain, which is confirmed in the results. We also see the error rise
as the manipulator is displaced farther. Additionally, we normalized the position error by
the theoretical length of the manipulator from the base to the corresponding position
(shown in Figure 4.15) to calculate a more universal and comparable measure of error.
From the normalized error, we see that the error at different joints follows similar trends
across the displacement steps with a higher normalized error in configurations which have
state (0) joints closer to the base such as the configurations (010), (001), (011), and (000).
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Figure 4.14. The error measured as the Euclidean distance between predicted and
measured positions at each displacement step.
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One source of error is in assuming the initial lengths of the modules to be the
theoretical lengths. The lengths of modules will likely vary due to slight differences in the
stiffness of modules (small variability in manufacturing) and gravity which will affect
modules differently according to their positions and orientation. Another factor that may
be the source of some error is in assuming that the state (0) modules will behave as revolute
joints. We can pull the modules with the tension force of the tendons, but we cannot provide
a pushing force on the modules to enforce rotation.
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Figure 4.15. The normalized error calculated as the Euclidean distance between
predicted and measured positions at each displacement step divided by the predicted
length of the manipulator to the corresponding position.
If state (0) modules are truly behaving as revolute joints, then the lengths of the
modules should remain relatively constant. We can see the limits and range in the lengths
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of the modules for each configuration in Table 5. According to the measurements, the
module lengths generally stay within a small band. The maximum range in length was
about 3 mm, indicating that the state (0) modules perform fairly well as revolute joints. We
also confirm our suspicion that there is a slight variation in module lengths across different
modules in both state (1) and state (0), which contributes to the error.
Configuration

(111)
(000)
(001)
(010)
(011)
(100)
(101)
(110)

Table 5. Joint Length Variation
Joint 1 Length Range,
Joint 2 Length
[min, max] (mm)
Range, [min, max]
(mm)
111.8
1.2, [31.3, 32.5]
1.9, [29.5, 31.3]
1.1, [30.8, 31.9
1.4, [28.5, 29.9]
0.3, [110.4, 110.7]
0.3, [111.5, 111.8]
0.2, [111.5, 111.7]

109.7
2.7, [24.7, 27.4]
1.8, [25.5, 27.3]
0.3, [107.7, 108.0]
0.5, [107.1, 107.6]
2.7, [25.2, 27.9]
0.6, [28.3, 28.9]
0.2, [108.5, 108.7]

Joint 3 Length Range,
[min, max] (mm)
112.6
1.9, [29.4, 31.3]
2.5, [110.0, 112.5]
0.7, [29.5, 30.2]
1.1, [110.5, 111.6]
1.6, [31.5, 33.1]
0.7, [112.1, 112.8]
0.2, [31.4, 31.6]

Despite the position error, the results are promising, considering that we are using
the kinematics for open-loop control of the robot’s position. Furthermore, the degrees of
freedom of the manipulator can be effectively reduced from an infinite to a finite number
of angles, making the use of feedback much easier to implement for accurate positioning
tasks. The pseudo-linkage behavior of the manipulator may permit the use of path planning
strategies developed for traditional serial-linked manipulators. In addition, the manipulator
can achieve many different configurations, allowing it to adapt its reachable space
according to changes in tasks and the environment.
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In this chapter, we have shown how we constructed the lightweight and durable
Kresling manipulator out of laminated PET material, with thicker material forming the
facets and thinner material functioning as flexural hinges. We found that the combination
of the Jones constant curvature kinematics model with constant length prismatic joints is a
good predictor of the manipulator’s shape and motion. There is some error in the position
which rises as the manipulator is displaced farther from its rest length. This may be due to
variation in the stiffnesses of the modules, the effects of gravity, or other assumptions made
during the implementation. The joints display a low measure of variation in their lengths
during displacement, supporting their ability to behave as revolute joints. The significantly
reduced degrees of freedom of the manipulator makes the switch from open-loop to closedloop control a likely avenue of pursuit to minimize the error and achieve precise motion.
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CHAPTER FIVE
CONCLUSIONS AND FUTURE WORK
5.1 Conclusions
The problem that this study seeks to address is that of reducing the effective degrees
of freedom of soft continuum manipulators to enable the quick and precise motion
exemplified by rigid-linked manipulators. This can be accomplished by modulating the
stiffness at locations on the robot body to generate a quasi-articulated structure with
stiffened sections operating as pseudo-links and flexible sections operating as pseudojoints.
We approached this challenge by using the Kresling origami which can “switch”
its bending stiffness through the use of its inherent property of bistability. The stiffnessswitching capability of the origami structure reduces the additional system complexity of
common stiffness modulation methods, and the structure’s natural reliance on geometry
for its mechanical properties makes it a scalable solution. To meet the goals of this study,
we have addressed the key questions posed in Section 1.3 by the corresponding chapter.
In chapter 2, we discussed the geometry of Kresling origami and fabrication
techniques used to construct physical Kresling cells. The zero-length contracted height of
the traditional Kresling mandated a switch to the generalized Kresling origami which
introduces a nonzero contracted height as an additional design variable. This accounts for
the thickness of the material and permits the bending degree of freedom necessary for a
robotic manipulator. We can design Kresling cells with different combinations of 4 design
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variables: the number of sides of the base polygon n, the circumradius of the base polygon
R, the angle ratio λ, and the contracted height Lc. Kresling cells were fabricated by using a
cutting plotter to cut the origami patterns with perforations along the creases to allow easy
and precise folding. Cuts were introduced along the outer mountain creases to alleviate
stresses which lead to material tearing, and reinforcement panels were added to the inner
surfaces of the triangular facets to improve bistability.
In chapter 3, we developed a reduced-order model of the generalized Kresling to
accurately describe the bending behavior observed in bending experiments, and we used
this model to find geometric design parameters that maximize the bending stiffness ratio
between the extended state and contracted state. The reduced-order nonlinear bar-andhinge model was used to analyze the bending mechanics of the generalized Kresling
origami. The geometry was generated and imported into the MERLIN2 Matlab software
developed by Liu and Paulino [30], [31] for structural analysis of origami structures, and a
quasi-three point bending test was simulated to measure the bending stiffness. Major trends
in bending stiffnesses and bending stiffness ratios for different designs were validated by
experimental results.
Bending simulations were conducted over a constrained design space of the
generalized Kresling pattern to perform a parametric analysis of the bending stiffness ratio
for each n value. This allowed us to draw conclusions about how bending stiffnesses are
affected by changes in λ, Lc, and n while holding R constant. It is clear from the studies
that greater values of λ and lower values of Lc lead to the highest bending stiffness ratios.
The structure’s bending stiffness is quite sensitive to these parameters as there are drastic
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decreases in the bending stiffness ratio with relatively small deviations from the optimal
extremum of these variables. We see that the stiffness ratios increase with larger n,
although the positive effect diminishes as n approaches 8.
The physical reason for the difference in bending stiffness ratios is likely the degree
of orthogonality of the outer triangular facets with respect to the plane of the base polygon
in each stable state. Facets closer to orthogonal will distribute loads through the facets,
resulting in a structure that behaves as a rigid cylinder, while facet angles that are more
acute will lead to folding and bending, resulting in a structure that behaves more like a
spring. This hypothesis is supported by an additional parametric analysis showing the ratio
of the triangular facet angle in state (1) to the angle in state (0) for combinations of design
parameters, which follows the same trends observed for the bending stiffness ratios. We
also find that designs of larger bending stiffness ratios will naturally have greater levels of
bistability, which is essential to prevent unintentional switching of the joint. Within our
imposed constraints, the best design was found to be a generalized Kresling with n = 10, λ
= 0.9, and Lc = 15 mm with R = 30 mm.
In chapter 4, we fabricated a manipulator composed of Kresling modules and
validated its ability to behave as a quasi-articulated structure. Kresling modules were
fabricated using 2 layers of PET sheets with different thicknesses. The thick 0.25 mm sheet
provides facet stiffness and the 0.05 mm sheet functions as a flexural hinge along crease
lines. Three Kresling modules were combined with tendon guides placed in between to
form the manipulator skeleton. Three tendons spaced 120° apart were routed through the
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structure and their lengths were adjusted independently by controlling DC motors which
tighten or loosen the tendons around attached pulleys.
By using constant curvature kinematics for state (0) modules and representing state
(1) modules by constant length prismatic joints, we controlled the position of the
manipulator in an open-loop manner to evaluate its performance as a quasi-articulated
structure. We displaced the manipulator on a 2D plane such that the state (0) modules
emulate the behavior of revolute joints, and we assumed that each module behaves
identically. We captured snapshots of the manipulator at 10 displacement steps for each
2m-1 configurations of the manipulator, where m represents the number of Kresling
modules. Markers placed at the endpoints of the modules were measured by using a color
mask to segment the markers in the images, and their positions were mapped to world
coordinates using Matlab’s Camera Calibration tool.
The results show that the Kresling manipulator follows the behavior of a linkagelike manipulator, indicating that its degrees of freedom can be reduced from a virtually
infinite quantity to a finite number of angles. This allows us to track a small number of
state-space variables for control tasks, likely enabling the application of techniques that
have been developed for rigid-linked manipulators. The manipulator is reconfigurable to
2m distinct configurations as well, providing an element of adaptability in tasks such as
reaching various target positions or avoiding obstacles.
The Kresling manipulator may be useful in medical applications such as minimally
invasive surgical procedures which require careful and precise maneuverability [2]. Its
unique scalability may also enable it to carry out tasks too difficult or risky for existing
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surgical robots. Another interesting application may be the manipulator’s use as a visual
inspection or repair robot. Because of its reconfigurability, the manipulator may be able to
navigate through unstructured environments or reach highly inaccessible areas, allowing it
to detect damage or defects which may have otherwise gone unnoticed. Similarly, it may
also be used as a deployable manipulator for exploration robots, offering improved
visibility and a means of retrieving samples for scientific studies [37].
5.2 Future Work
In this study, we assessed the kinematic behavior of the Kresling manipulator at
different configurations. However, additional tests of performance need to be conducted
on the manipulator. Assessing its capacity to bear loads is an obvious test as the
manipulator will be of limited use if it cannot carry sensors or interact with the
environment. It is also important to conduct fatigue testing on cycles of snap-throughs
(transformations between stable states) of the Kresling modules in order to judge the
structural integrity of modules and the robustness of their bistability.
While the final plastic Kresling modules used in this study are capable of switching
their bending stiffness with bistability, they tend to lose true bistability with repeated snapthroughs, resulting in a slow passive extension in height after they have been compressed
to the state (0) height. The holding force required to maintain state (0) is quite low and the
passive extension force may even be beneficial in some regards as tendon actuation is
limited to pulling forces. However, there is still plenty of room for improvement in the
efficiency and performance of the Kresling manipulator during operation. Improvements
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can be made in its fabrication by exploring alternative lamination processes, materials,
additional post-processing procedures, or possibly even new 3D printing technologies [38],
[39].
It may also be a worthy venture to explore the use of other multi-stable origami or
kirigami (origami with cuts) structures which may offer advantages over Kresling origami
[40], [41]. Other origami patterns may lead to an improved level of bistability and greater
bending stiffness ratios. They may also have advantageous mechanisms of switching
between stable states or different length changes in the transition from one stable state to
another.
A vital research question that needs to be explored is the issue of remote joint
actuation. In other words, how can we remotely trigger the switching of states
bidirectionally (from state (0) to state (1) and vice versa) and at desired module locations
without overcomplicating the structure and jeopardizing scalability? In this study, we
manually set the manipulator configurations, but a fully functional robotic manipulator
should adjust its configuration automatically. It may be possible to incorporate shapememory materials into the structure to trigger the snap-through transformation. After being
deformed, shape-memory materials can return to a predetermined shape in response to
stimuli such as heat or light [42]. Some studies have already used shape-memory materials
in origami robots to actuate folding which is controlled by circuits embedded into the
origami structure, making it a promising approach [38], [43], [44].
Another research question that must be answered is, “What degree of precision can
we achieve with the proposed manipulator?” This is a broad question and most certainly

68

contains several sub-problems to be solved. First, there is the issue of how to accurately
measure joint angles. Computer vision may provide an initial solution, but ultimately
embedded sensors such as elastic strain gauges or flex sensors must be incorporated into
the robot [38], [45]. Additionally, a configuration planning controller must be developed
to determine the optimal configuration for different tasks such as the planner presented in
[13]. These questions must be addressed before a bistability-enabled stiffness-switching
manipulator such as this can find success in real-world applications.
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Appendix A
Results and Matlab Code for Axisymmetric Property of Bending Stiffness using
Linear Bar-and-Hinge Model with Infinitesimal Displacements
As mentioned in Section 3.1 and 3.4, a linear truss model was used for preliminary
studies into the infinitesimal bending mechanics of the generalized Kresling origami
structure using a custom Matlab script following the work of Schenk and Guest [29]. The
results show that the bending stiffness of the generalized Kresling structure is largely
unchanged when bending the structure at different orientations around its central axis, as
seen in Figure A-1. Details on the implementation can be seen in the attached Matlab Code.
Note that this simulation is force-based and relies on slightly different boundary conditions
than those used in the nonlinear bar-and-hinge implementation.

Figure A-1. Infinitesimal bending stiffness ratios for Kresling structures at different
orientations around their central axis are axisymmetric.
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Main File
% Linear Infinitesimal Bending Test Simulations
clear
clc
close all
%--------------------------------------------% DETERMINE DESIGN PARAMETERS
%--------------------------------------------% number of sides of basal polygon
n=[4 6 8 10];
% Setting Fully Folded Height
Lfc=15;
% Setting scale: p dependent on r
r=30;
% Setting angle ratios
lambda=.9*[1 -1 1 -1];
syms L;
for l=1:length(n)
% collapsed(0) or extended(1)
for k=1:2
if k==1
config=[1 1 1 1];
else
config=[0 0 0 0];
end

% Generate Node and Element files
%---------------------------------------------[nodes, elements,folds,
materials]=genKreslingdataSerial2(n(l),config,lambda,Lfc,r);
% Book Keeping
n_nodes=size(nodes,1);
n_elements=size(elements,1);
% length of tower
L=nodes(n_nodes,4);
% Compute Global axial K matrix
Ka=CompKresK(nodes, elements, materials);
% Compute Global fold K matrix
Kf=CompKresKf(nodes, elements, folds, materials);

72

% Combine Global Matrices
K=Ka+Kf;
% Boundary Conditions
%---------------------------------------------------------------% Displacement (essential) BCs by Penalty Method
%----------------------------------------------------------------penalty=max(max(abs(K)))*10^4;
% Range of orientation angles
thetamax=pi()/n(l);
theta=linspace(0,thetamax,100);
% bottom face nodes (nodes odd numbered nodes corresponding to top
edges)
for j=1:length(theta)
Kd=BCdisp_3ptBending(K,theta(j),r,penalty,n(l),n_nodes);
% Force BCS
Fmag=.00001;
F=compF_3ptBending(Fmag,n(l),theta(j),config,nodes);
% Solve for displacements
u=Kd\F;

% Find displaced nodes
disnodes=nodes;
unodes=zeros(size(nodes,1),size(nodes,2)-1);
for i=1:n_nodes
unodes(i,1)=u(3*i-2);
unodes(i,2)=u(3*i-1);
unodes(i,3)=u(3*i);
end
disnodes(:,2:end)=disnodes(:,2:end)+unodes;
% Calculate equivalent stiffness from force applied to center
node/center
% node displacement
center=length(config)/2;
centernode=n_nodes-(n(l)+1)*center;
% Moment/angle stiffness
% disp(rad2deg(atan2(norm(unodes(centernode,:)),(.5*L))));
bendingstiff(k,j)=Fmag*.5*L/rad2deg(atan2(norm(unodes(centernode,:)),(.
5*L)));
% Force/Displacement
linearstiff(k,j)=Fmag/norm(unodes(centernode,:));
end
end
% bending stiffness
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bendingstiffratio(l,:)=bendingstiff(1,:)./bendingstiff(2,:);
% Linear stiffness
linearstiffratio(l,:)=linearstiff(1,:)./linearstiff(2,:);
end
figure
plot(theta,bendingstiffratio);
legend('n=4','n=6','n=8','n=10');
xlabel('Orientation Angle (rad)');
ylabel(' Bending Stiffness Ratio');

Displacement Boundary Conditions
function K=BCdisp_3ptBending(K,theta,a,penalty,n,n_nodes)
% Penalty Method (Top and bottom center pinned, and displacement
conditions
% forcing rotation about a given x-y axis for each facet.
klength=size(K,1);
P=zeros(klength,klength);
% Bottom center node fixed
P(3*(n+1),3*(n+1))=penalty;
P(3*(n+1)-1,3*(n+1)-1)=penalty;
P(3*(n+1)-2,3*(n+1)-2)=penalty;
% top center node fixed
P(3*n_nodes,3*n_nodes)=penalty;
P(3*n_nodes-1,3*n_nodes-1)=penalty;
P(3*n_nodes-2,3*n_nodes-2)=penalty;
if mod(n,4)==0
phi=pi()/n-theta;
l=2*a*sin(pi()/n);
else
phi=2*pi()/n-theta;
l=2*a*sin(2*pi()/n);
end
% middle center node constrained in x-y ( no movement in z)
center=n_nodes-(n_nodes-(n+1))/2;
P(3*(center),3*(center))=penalty;
% ratio of displacement
ratio=a*sin(phi)/(l*cos(theta)-a*sin(phi));
% Bottom Pin Displacement relation
for i=0:2
% orthogonal symmetric
if mod(n,4)==0
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P(3*(n/4)-i,3*(n/4)-i)=ratio^2*penalty;
P(3*(n/4)-i,3*(n/4+1)-i)=ratio*penalty;
P(3*(n/4+1)-i,3*(n/4)-i)=ratio*penalty;
P(3*(n/4+1)-i,3*(n/4+1)-i)=penalty;
else
P(3*(n-2)/4-i,3*(n-2)/4-i)=ratio^2*penalty;
P(3*(n-2)/4-i,3*((n-2)/4+2)-i)=ratio*penalty;
P(3*((n-2)/4+2)-i,3*(n-2)/4-i)=ratio*penalty;
P(3*((n-2)/4+2)-i,3*((n-2)/4+2)-i)=penalty;

end
end
% Top Pin Displacement relation
for i=0:2
% orthogonal symmetric
if mod(n,4)==0
P(3*(n_nodes-n/4-1)-i,3*(n_nodes-n/4-1)-i)=ratio^2*penalty;
P(3*(n_nodes-n/4-1)-i,3*(n_nodes-n/4)-i)=ratio*penalty;
P(3*(n_nodes-n/4)-i,3*(n_nodes-n/4-1)-i)=ratio*penalty;
P(3*(n_nodes-n/4)-i,3*(n_nodes-n/4)-i)=penalty;

else
% unorthogonal symmetric
P(3*(n_nodes-((n-2)/4+2))-i,3*(n_nodes-((n-2)/4+2))i)=ratio^2*penalty;
P(3*(n_nodes-((n-2)/4+2))-i,3*(n_nodes-(n-2)/4)i)=ratio*penalty;
P(3*(n_nodes-(n-2)/4)-i,3*(n_nodes-((n-2)/4+2))i)=ratio*penalty;
P(3*(n_nodes-(n-2)/4)-i,3*(n_nodes-(n-2)/4)-i)=penalty;
end
end
K=K+P;
end
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Force Boundary Conditions
function [F]=compF_3ptBending(Fmag,n,theta,config,nodes)
n_nodes=size(nodes,1);
F=zeros(n_nodes*3,1);
center=length(config)/2;
centernode=n_nodes-(n+1)*center;

% Find normal of first element
elnorm=(nodes(1,2:3)-nodes(n,2:3))/norm(nodes(n,2:3)-nodes(1,2:3));
% Rotate normal to be perpendicular to displacement axis
rangle=theta+pi()/2;

rot_trans=[ cos(rangle) -sin(rangle);
sin(rangle) cos(rangle)];
fnorm=rot_trans*elnorm';

% Equivalent Force applied to nodes of center face
for i=0:n
F(3*(centernode-i)-2:3*(centernode-i)-1)=fnorm*Fmag/(n+1);
end

end
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Appendix B
MERLIN2 Nonlinear bar-and-hinge Parameters and Boundary Conditions
% MERLIN2 Bending Test Simulations-5mm Displacement
%{
Note: All custom functions from:
[25] K. Liu and G. H. Paulino, "Highly efficient nonlinear structural
analysis of origami assemblages using the MERLIN2 software."
except ConfigKresling()
%}
clear
clc
close all

%--------------------------------------------% DETERMINE DESIGN PARAMETERS
%--------------------------------------------% number of sides of base polygon
n=[4:2:10];
% Setting Fully Folded Height
Lfc=15;
% Setting scale: p dependent on r
r=30;
% Setting angle ratios
lambda=.9*[1 -1 1 -1];
kf=.047;
for q=1:length(n)
for k=0:1
% collapsed(0) or extended(1)
if k==0
config=zeros(length(lambda),1);
else
config=ones(length(lambda),1);
end
% Generate Node and Element files
%---------------------------------------------[Node, elements,Panel,
lg,bg,p,Lfo(q)]=ConfigKresling(n(q),config,lambda,Lfc,r);
% Visualize origami
% figure()
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% PlotOri(Node,Panel,[],'PanelColor','g')
% axis equal; axis off;
% view([90,0, 0]);
% light
%% Set up boundary conditions
m = size(Node,1);
nsupp=[1 1+n(q)/2 n(q)+1 size(Node,1) size(Node,1)-n(q)/2
size(Node,1)-n(q)];
suppdof=ones(6,3);
Supp=[nsupp', suppdof];
% Determine Force Nodes
indp=2*(n(q)+1)+1:3*(n(q)+1);
% Displacement amount
if k==0
L=2*Lfc;
else
L=2*Lfo(q);
end
dispamt=5;
ff=-dispamt*ones(length(indp),1);
%total amount of
displacement (load)
Load = [indp',zeros(length(indp),1),ff,zeros(length(indp),1)];

%% Adopt generalized N4B5 model
AnalyInputOpt = struct(...
'ModelType','N4B5',...
'MaterCalib','manual',... % 'manual'
'BarCM', @(Ex)Ogden(Ex, kf*10^5),... % bar rigidity, Ogden
Parameters set to Linear
'Abar', 1,...
'Kb',0,...
'Kf',kf,... % set crease torsional stiffness
'RotSprBend',
@(he,h0,Kb,L0)EnhancedLinear(he,h0,Kb,L0,0,360),...
'RotSprFold',
@(he,h0,Kf,L0)EnhancedLinear(he,h0,Kf,L0,5,355),...
'LoadType','Displacement',... % Displacement load
'DispStep',350);

%% Perform analysis
% Assemble input data
[truss, angles, AnalyInputOpt] =
PrepareData(Node,Panel,Supp,Load,AnalyInputOpt);
% Change rigity and stiffness values for cuts and panel bending
% Finding indices for bar types
Findex=find(abs(angles.pf0-pi())<.001);
Mindex=find(abs(truss.L-bg)<.001);
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Vindex=find(abs(truss.L-lg)<.001);
Eindex=find(abs(truss.L-p)<.001);
% Making Facets rigid
angles.Kf(Findex)=kf*10^1;
% Weakening Mountain Folds
angles.Kf(Mindex)=0;
% Weakening Mountain Axes
truss.A(Mindex)=.01;
% Specify initial deformation state
truss.U0 = zeros(3*size(truss.Node,1),1);
% Perform path-following analysis using MGDCM
[Uhis,Fhis] = PathAnalysis(truss,angles,AnalyInputOpt);
% Clean output data
Uhis = real(Uhis);
Fhis = real(Fhis);
STAT = PostProcess(Uhis,truss,angles);
instdof = [3*(n(q)+1),-2];
interv = 1; endicrm = size(Uhis,2);
% Force vs Displacement
dsp{q,k+1} = sign(instdof(2))*Uhis((instdof(1)*3-(3abs(instdof(2)))),:);
Ftothis{q,k+1}=sum(Fhis,2);

end
% Kresling module height for extended and contracted
Ltc=2*Lfc;
Lto=2*Lfo;
% Force to Moment Conversion [N to Nm]
M_c(:,q)=cell2mat(Ftothis(q,1))*Ltc*.001;
% Displacement to Angle [mm to rad]
theta_c(:,q)=atan2(cell2mat(dsp(q,1)),Ltc);
% Force to Moment Conversion [N to Nm]
M_o(:,q)=cell2mat(Ftothis(q,2))*Lto(q)*.001;
% Displacement to Angle [mm to rad]
theta_o(:,q)=atan2(cell2mat(dsp(q,2)),Lto(q));
end
%-----------------------------------------------------------% PLOT OF BENDING TEST SIMULATION(force vs displacement)
% Closed Plot Conversions

for j=1:length(n)
% calculate slope of each trial (closed) [Nm/rad]
b_c(j)=theta_c(:,j)\M_c(:,j);
% calculate slope of each trial (open) [Nm/rad]
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b_o(j)=theta_o(:,j)\M_o(:,j);
KratioTheo(j)=b_o(j)/b_c(j);
end
% Extended Plot Conversions
% Moment vs Angle Plot
subplot(2,1,1)
plot(theta_o,M_o,'b');
hold on
plot(theta_c,M_c,'r');
xlabel('Angle (rad)','FontSize',12,'FontName','Times New Roman');
ylabel('Moment (Nmm)','FontSize',12,'FontName','Times New Roman');
% Plot of linear slope coefficients for stiffness [Nm/rad]
subplot(2,1,2)
plot(n,KratioTheo,'r*-');
xlabel('Number of Sides','FontSize',12,'FontName','Times New Roman');
ylabel('Bending Stiffness Ratio','FontSize',12,'FontName','Times New
Roman');
fprintf('The predicted closed stiffness is %0.3f [Nm/rad]\n\n', b_c);
fprintf('The predicted open stiffness is %0.3f [Nm/rad]\n\n', b_o);
fprintf('The predicted bending stiffness ratio is %0.3f\n',KratioTheo);
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Appendix C
Step-by-Step PET Kresling Fabrication Instructions
Step 1: Gather all the required materials: 0.25 mm thick PET sheet, 0.05 mm PET sheet,
F9460PC transfer tape, a cleaning solution (we used isopropyl alcohol diluted with water),
and tape.

Step 2: Dimension the generalized Kresling pattern and an additional base polygon in
SolidWorks according to the desired geometry (referring to eqns. (1-7)) and create a
drawing file. A 1 mm gap centered on the valley crease lines must be created to allow
folding. Otherwise, there will be interference in the folds due to the folding action
occurring toward the side of the laminate with the thicker 0.25 mm PET sheet.

Figure C-1. The Adobe Illustrator file of the generalized Kresling pattern.
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Step 3: Convert the SolidWorks drawing file into an Adobe Illustrator file. Open the file in
Illustrator and create two groups of cuts: one consisting of the fold lines and a separate
base polygon, and the other consisting of the outline of the pattern. Note that some material
should be left on the outline of the centrally connected base polygon to prevent its
separation from the pattern during the first cut. The material will be removed in the final
cut. Separate these groups into two layers. These will be used to perform the correct
sequence of cuts.

Figure C-2. 0.25 mm PET sheet with applied adhesive transfer tape
Step 4: Cut a 0.25 mm PET sheet to a size bigger than the outer dimensions of the pattern
and clean the surface of the sheet with a cleaning solution to allow for good adhesion.
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Step 5: Carefully apply the adhesive transfer tape to the cleaned surface of the 0.25 mm
PET sheet. Begin by exposing a small amount of tape and applying pressure along its edge
against the PET sheet. Slowly continue to expose more tape, applying pressure downward
and toward the direction of application to reduce the occurrence of air bubbles.

Figure C-3. The first cut removes material to allow folding.
Step 6: Once the surface of the PET is covered, cut the transfer tape, separating it from its
roll. Peel off the backing from the applied transfer tape and fix the sheet to the surface of
the Graphtec FCEX4000-50ES cutting plotter with tape. Make sure to set the cutting plotter
blade #2 depth to 0.4 mm and the cutting plotter blade #1 depth to 0 mm. This allows you
to set layers not meant to be cut to the zero-depth blade #1.
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Step 7: From the Adobe Illustrator File, open the Cut/Plot option from the File drop-down
menu. Drag and position the cut pattern so that it overlaps with the material’s position on
the cutting surface. In the Layers menu, order the layers in the correct cutting order, with
cutting layer 1 at the top. Assign blade #2 to the cutting layer 1 and the zero-depth blade
#1 to cutting layer 2.

Figure C-4. Removal of the base polygon and valley fold material.
Step 8: Send the cutting instructions to the machine to complete the first cut. It may take
1-3 passes to successfully remove the material. Once completed, remove the base polygon
and thin rectangular pieces from the sheet with tweezers, as seen in Figure C-4. Set aside
the removed base polygon for later application.

Step 9: Repeat Step 4 with a 0.05 mm thick PET sheet. With the cleaned surface facing
down, carefully apply the thin 0.05 mm sheet to the upward facing adhesive surface of the
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sheet that is secured to the plotting cutter. Follow the same strategy used in Step 6, applying
pressure downward and toward the direction of application to reduce the occurrence of air
bubbles.

Figure C-5. Application of the 0.05 mm PET sheet which creates flexural hinges where
thicker 0.25 mm PET sheet material has been removed.
Step 10: In the cutting menu, change the order of the layers such that the cutting layer 2 is
ordered first. Switch the assignments of the blade, assigning blade #2 to cutting layer 2,
and blade #1 to cutting layer 1, such that cutting layer 1 will now have a zero-depth cut.
Send the cutting instructions to the machine to perform the second and final cut. It may
require 1-3 passes to complete the cut.

Step 11: Remove the pattern from the laminated sheet. Fold the mountain and valley
creases and load the creases with weight for at least 20 minutes.
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Figure C-6. The final cut of the outline of the generalized Kresling.
Step 12: Make alignment marks with a marker on the non-adhesive side of the base polygon
from Step 8 to allow for accurate application of the outer triangular tabs. Close the Kresling
cell by aligning and applying the outer triangular tabs of the cut-out Kresling to the
adhesive side of the base polygon.

Figure C-7. The completed Kresling cell
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Appendix D
DC Motor Specifications and Actuator Assembly
Table D-1. Motor Specifications: Bemonoc Low Speed DC Motor with Encoder
Type
DC Gear Motor with two-channel Hall
Effect Encoder
Voltage
12 V
No-Load Speed
60 RPM
Rated Torque
2.8 kg∙cm
Encoder Pulses per Revolution
1176 PPR
Shaft Diameter
4 mm

Figure D-1. The complete tendon actuator assembly
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Appendix E
Matlab Code for Forward Kinematics and Open Loop Motor Inputs
Main Code
clear
clc
close all
% manipulator configuration (1=extended, 0=contracted)
config=[1 0 1];
active=sum(config==0);
% Collapsed length
lc=15;
hc=2*lc;
% Expanded length
le=55.8194667799374;
% resting cable length
lzero=active*lc*2+(length(config)-active)*2*le;
L1=10;
% L1=[28 26 24 22 20 18 16 14 12 10];
for m=1:length(L1)
L2=3/2*hc-.5*L1(m);
% cable lengths
l=[L1(m) L2 L2]';
% radius
d=32;
% arc length
n=1;
sa=mean(l);
sf=(l(1)+l(2)+l(3))*n*d/sqrt(l(1)^2+l(2)^2+l(3)^2-l(1)*l(2)-l(2)*l(3)l(1)*l(3))*asin(sqrt(l(1)^2+l(2)^2+l(3)^2-l(1)*l(2)-l(2)*l(3)l(1)*l(3))/(3*n*d));
% curvature
k=2*sqrt(l(1)^2+l(2)^2+l(3)^2-l(1)*l(2)-l(2)*l(3)l(1)*l(3))/(d*sum(l));
% bending angle
phi=atan(sqrt(3)/3*(l(3)+l(2)-2*l(1))/(l(2)-l(3)));
% bottom circle coordinates
[basex,basey,basez]=circle(0,0,30);
cx=[basex;basey;basez];
count=0;
figure
for j=1:length(config)
% plotting central arc
if config(j)==0
% s=linspace(0,sf,sf/3);
s=linspace(0,sf,sf*2);
count=count+1;
ls(j)=length(s);
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if count>1
phi=0;
end
else
%
s=linspace(0,le*2,le*2/3);
s=linspace(0,le*2,le*2*2);
ls(j)=length(s);
end
if j==1
T1=eye(4);
end
for i=1:ls(j)
if config(j)==0
T2=T1*Hskp(s(i),k,phi);
c='r';
else
T2=T1*TP(s(i));
c='b';
end
x1(:,i,j)=T2(1:3,4);
xnew=circletrans(T2,cx);
plot3(xnew(1,:),xnew(2,:),xnew(3,:),c);
hold on
end
% plotting arc
plot3(x1(1,1:ls(j),j),x1(2,1:ls(j),j),x1(3,1:ls(j),j),'k','LineWidth',3
);
hold on
T1=T2;
end
px(m,:)=[0 -x1(1,ls(1),1) -x1(1,ls(2),2) -x1(1,ls(3),3)];
py(m,:)=[ 0 -x1(3,ls(1),1) -x1(3,ls(2),2) -x1(3,ls(3),3)];
xlabel('X')
ylabel('Y')
zlabel('Z')
axis equal
end
% view([-135,45]);
% pulley diameter
Dpulley=.02;
% Pulses per rev
ppr=1176;
% counts per rev
cpr=4*ppr;
% Length per rev
lpr=Dpulley*pi();
% Count per length
CLconv=cpr/lpr;
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% Motor counts required for length change (assuming zero position in
this
% config at start
counts1=(2*lc-l(1))*active*.001*CLconv;
counts2=(2*lc-l(2))*active*.001*CLconv;
counts3=(2*lc-l(3))*active*.001*CLconv;
fprintf('Counts 2= %f\n', -counts2);
fprintf('Counts 1= %f\n', -counts3);
fprintf('Counts 3= %f\n', -counts1);
Dia=norm(x1(:,end,2)-x1(:,end,1),2);
snapCounts=(le-lc)*2*.001*CLconv;
jointL=sqrt(x1(1,end,1)^2+x1(3,end,1)^2);
fprintf('Coord2: (%f,%f)\n Coord3: (%f,%f) \n Coord4:
(%f,%f)',x1(1,ls(1),1),x1(3,ls(1),1),x1(1,ls(2),2),x1(3,ls(2),2),x1(1,l
s(3),3),x1(3,ls(3),3));
figure
plot(px,py,'g*')
axis equal

Transformation for State (0) using Constant Curvature Kinematics
function H=Hskp(s,k,p)

H=[ cos(p) -sin(p)*cos(s*k) sin(p)*sin(s*k) sin(p)*(1-cos(s*k))/k;
sin(p) cos(p)*cos(s*k) -cos(p)*sin(s*k) -cos(p)*(1-cos(s*k))/k;
0 sin(s*k) cos(s*k) sin(s*k)/k;
0 0 0 1];
end

Transformation for State (1) using Constant Length Prismatic Joint
function T = TP(length)
T=[1 0 0 0;
0 1 0 0;
0 0 1 length;
0 0 0 1];
end
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